AM-GM inequality

Question 1
(@ Let fX)=Inx-x+1, x>0. Provethat f(x)<0, Vx>0.

a,+a, +...+4a,

(b) Let aja;,...,a, >0. A= ,G=Ya,a,..a
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Putting X=K in (a) , prove that

A > G. Theequality sign holds if Q=a=...=a,.
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(c) Use (b) to prove that {Zai }{Z—} >n? and hence show that
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Solution

@ fxX)=Inx-x+1, x>0
f‘(x)=l—1=0 when x=1.
X

When 0<x<1,f(x)>0.
When x>1, f(x)<0
f(x) attains its maximum value at x =1.
f(x)<f(1)=In1-1+1=0 Vvx>0.
fx) <0 Vvx>0.
A ta,+..+a,
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(b) Let A

Then for i=1,2,...,n, ] o8 1<0 , In| &
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a,+a,+...+a
(c) 2 . " >nfaa,..a,
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>Ya, >nyaa,..a, ...(1)
i=1

Replace a, by L in (1), we have
a.

Lo —t Q)
a, a,a,..a,

(1) x (2), we get Lnlai} _
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Put a=i in(3), [il}[il}znz
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Question 2
By applying A.M.> G.M., find the greatest value of each of the following functions and the value of X
in which the maximum is attained:

(@) f(x)=(1+2x)°1-3x)°, where —%SXS%
4 2 1 1
() g(x)=(@@+2x)"(1-3x)°, where —ESXS§.
Solution
1 1
@ —Eﬁxsg =1+2x>0 and 1-3x>0.

3(1+2x)+2(1-3x)

Apply AM.>GM., 5J(1+2x)3(1—3x)2s =1 =fx <l

.. Greatest value of f(x)is 1 which is attained when:
1+2x=1-3x = Xx=0.

(b) Apply AM.>GM. tosix numbers: four %(1+2X) and two (l—3x)

6

4><i(1+2x)+2><(1—3x)

E 1+ ZX)T(l— 3x) <

6
34 58 5% 44 56 x 22 62500
Zg(x) <= = g(x)<=—x—= =
4790 =53 00 =< G537 = “30  ~ So0a9
which is attained when
E(1+2x) S1- > x= =
4 18



Question 3

a ¢ b
(a) By considering |b a c| ,factorize a®+b®+c®—3abc in two real factors.
c b a

(b) Use (a) toshowthatif a,b,c arepositive, a®+b®+c®>3abc.

(c) Use (b) toprovethat if X,y,z are positive, %2%/xyz.

(d) Prove that (p+q+r)(l+l+%29 , where p,q,r arepositive.
p q r

(e) Provethatif o, B,y arethree sides of a triangle,

1 1 1 9
+ + >
o+B-y B+y-a y+o-B oa+P+y

Solution

a ¢ b
(@ |b a c| =a*+b®+c®-3abc ,on direct expansion using Sarrus rule.

c b a

a ¢ b a+b+c ¢ b 1 ¢c b

C,—>C+C,+C3
b ac = J|a+tb+c a c[=(a+b+c)l a c=(a+b+c)(a2+b2+cz—ab—bc—ca)
b a a+b+c b a 1 b a

& +b*+c®—3abc =(a+b+c)a’+b’+c?—ab—hc—ca)
(b) @+b*+c—3abc =(a+b+c)a’+b?+c?—ab—hc—ca)
=(a+b+c)[(a—b)2+(b—c)2+(c—a)z] >0 ,since ab,c>0.
a’+b®+c®> 3abc .
€ Put x=a% y=b® z=c® in (b), fi%iEZVEE
1

(d) (p+q+r{%+%+%zg(p+q”j P

r 3

1
J’_f
' 29§/pqr3/$ =9 ,by(c)

(e) Since «,pB,y arethreesidesofatriangle, a+p-y, B+y—a, y+a-p>0.

In (d), put p=a+f-y, q=p+y-o, r=y+a-f in (d),
1 11 1 1 1
p+gq+r=a+pf+y, —+—+-= + +
q r o+pf-y B+y-a y+a-B
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oa+B-y PB+y-a y+a-pB o+B+y
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